
Math 7 Spring 2017 TA: Serin Hong

PROBLEM SET 2 SOLUTIONS

1. Let pn denote the nth prime. Use Sage to compute π(pn, 1, 4) and π(pn, 3, 4) for 1 ≤ n ≤ 1000.

(a) For which primes pn ≤ p1000 are π(pn, 1, 4) and π(pn, 3, 4) equal?

Solution. The following function returns a vector
[
π(pn, 1, 4), π(pn, 3, 4)

]
for a given n ∈ N.

def PrimeCountMod4(n):

prime_list=primes_first_n(n); #generates a list of the first n primes

prime_count_1mod4=0;

for i in range(1, n): #counts the primes equal to 1 modulo 4

if (prime_list[i]%4==1):

prime_count_1mod4=prime_count_1mod4+1;

return [prime_count_1mod4, n-prime_count_1mod4-1]

To get a list of primes pn ≤ p1000 such that π(pn, 1, 4) = π(pn, 3, 4), we simply use the following code:

prime_list=primes_first_n(1000);

target_prime_list=[];

for n in range(1, 1001):

if (PrimeCountMod4(n)[0]==PrimeCountMod4(n)[1]):

target_prime_list.append(prime_list[n-1])

target_prime_list

This gives the following list:

[2, 5, 17, 41, 461]

Remark. The codes given here is very inefficient; far more efficient codes are given in Problem B.

(b) For 1 ≤ n ≤ 1000, plot the functions f(n) = π(pn, 1, 4) and g(n) = π(pn, 3, 4) on the same graph,

with f(n) in blue and g(n) in red. You may want to use list_plot() in Sage, as in:

p1=list_plot([f[n] for n in range(1,1000)],color=’blue’)

p3=list_plot([g[n] for n in range(1,1000)],color=’red’)

Then to display both plots on the same graph:

p1+p3

Solution. In order to use our function implemented in part (a), we modify the given codes as follows:
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p1=list_plot([PrimeCountMod4(n)[0] for n in range(1,1000)],color=’blue’)

p3=list_plot([PrimeCountMod4(n)[1] for n in range(1,1000)],color=’red’)

p1+p3

One can save the resulting plot as an image file as follows:

(p1+p3).save("hw2fig1.png")

The resulting plot is attached below:

2. Extend your computation of π(pn, 1, 4) and π(pn, 3, 4) to the range 1 ≤ n ≤ 80000. The calculation should

take only a few seconds.

(a) Find the first 20 values of n for which π(pn, 1, 4) = π(pn, 3, 4).

Solution. For better efficiency, we introduce a function which generates a list of δ(n) = π(pn, 1, 4) −

π(pn, 3, 4) in a given range.

def delta_n(length):

prime_list=primes_first_n(length); #generates a list of the primes of a given length

delta_n=[0];

for i in range(1, length): #update the value of delta(n) inductively.

if (prime_list[i]%4==1):

delta_n.append(delta_n[i-1]+1)

else:

delta_n.append(delta_n[i-1]-1)

return delta_n

Now we can generate a desired list as follows:

delta_list=delta_n(80000)
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n_list=[]; n=1

while (len(n_list)<20):

if (delta_list[n-1]==0):

n_list.append(n)

n=n+1

n_list

The resulting list is given below:

[1, 3, 7, 13, 89, 2943, 2945, 2947, 2949, 2951, 2953, 50371, 50375, 50377, 50379,

50381, 50393, 50413, 50423, 50425]

(b) Plot the function δ(n) = π(pn, 1, 4)− π(pn, 3, 4) against n, for 1 ≤ n ≤ 80000.

Solution. To generate a plot, we simply use

p=list_plot([delta_list[n-1] for n in range(1,80000)])

p.save("hw2fig2.png")

The resulting plot is attached below:

(c) Find the smallest n > 30000 for which δ(n) = 0.

Solution. From the list we found in part (a), we easily find that the smallest n > 30000 with δ(n) = 0

is n = 50371.

3. (Open-ended) Compute δ(n) for 1 ≤ n ≤ N , for N very large, as a function of your computing power

and patience.

(a) Plot δ(n) against n, for 1 ≤ n ≤ N .

Solution. Let us choose N = 1000000 for our solution. The following codes generate a plot of δ(n) for

1 ≤ n ≤ N :
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N=1000000; delta_list=delta_n(N)

pN=list_plot([delta_list[n-1] for n in range(1,N)])

pN.save("hw2fig3.png")

The resulting plot is attached below:

(b) Find the largest n ≤ N such that δ(n) = 0

Solution. The following codes find the largest n ≤ N such that δ(n) = 0:

n=N;

while (delta_list[n-1]!=0):

n=n-1

print (n)

This yields n = 814089, which agrees with the plot in part (a).

(c) (Bonus) Can you find n > 100000, for which π(pn, 1, 4) = π(pn, 3, 4)?

Solution. We have already found n = 814089 in part (b).


